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4.1 Introduction

To analyze an electric circuit, we write and solve a set of equations. We apply Kirchhoff’s
current and voltage laws to get some of the equations. The constitutive equations of the circuit
elements, such as Ohm’s law, provide the remaining equations. The unknown variables are
element currents and voltages. Solving the equations provides the values of the element current
and voltages.

This method works well for small circuits, but the set of equations can get quite large
for even moderate-sized circuits. A circuit with only 6 elements has 6 element currents and
6 element voltages. We could have 12 equations in 12 unknowns. In this chapter we consider
two methods for writing a smaller set of simultaneous equations:

* The node voltage method
* The mesh current method

The node voltage method uses a new type of variable called the node voltage. The “node
voltage equations” or, more simply, the “node equations™ are a set of simultaneous equations
that represent a given electric circuit. The unknown variables of the node voltage equations are
the node voltages. After solving the node voltage equations, we determine the values of the
element currents and voltages from the values of the node voltages.

It’s easier to write node voltage equations for some types of circuit than for others. Starting
with the easiest case, we will learn how to write node voltage equations for circuits that
consist of?

14:13



P1: IML/OVY
GTBL002-dorfc04

P2: IML/OVY

QC: IML/OVY T1: IML
GTBLO002-Dorf-v32
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* Resistors and independent current sources
* Resistors and independent current and voltage sources
¢ Resistors and independent and dependent voltage and current sources

The mesh current method uses a new type of variable called the mesh current. The “mesh
current equations” or, more simply, the “mesh equations” are a set of simultaneous equations
that represent a given electric circuit. The unknown variables of the mesh current equations
are the mesh currents. After solving the mesh current equations, we determine the values of
the element currents and voltages from the values of the mesh currents.

It’s easier to write mesh current equations for some types of circuit than for others. Starting
with the easiest case, we will learn how to write mesh current equations for circuits that consist
of:

* Resistors and independent voltage sources
+ Resistors and independent current and voltage sources

¢ Resistors and independent and dependent voltage and current sources

4.2 Node Voltage Analysis of Circuits
with Current Sources

Consider the circuit shown in Figure 4.2-1a. This circuit contains four elements: three resistors
and a current source. The nodes of a circuit are the places where the elements are connected
together. The circuit shown in Figure 4.2-1a has three nodes. It is customary to draw the
elements horizontally or vertically and to connect these elements by horizontal and vertical
lines that represent wires. In other words, nodes are drawn as points, or are drawn using
horizontal or vertical lines. Figure 4.2-1b shows the same circuit, redrawn so that all three
nodes are drawn as points rather than lines. In Figure 4.2-1b the nodes are labeled as node a,
node b, and node c.

Analyzing a connected circuit containing » nodes will require n — 1 KCL equations. One
way to obtain these equations is to apply KCL at each node of the circuit except for one. The

Ry

[TTT]

@ Voltmeter

+ Vg —

Q Voltmeter

_I+ vy, !

FIGURE 4.2-1 (a) A circuit with three nodes. (b) The circuit after the nodes have been labeled and a reference node
has been selected and marked. (¢) Using voltmeters to measure the node voltages.
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Node Voltage Analysis of Circuits with Current Sources - @

node at which KCL is not applied is called the reference node. Any node of the circuit can be
selected to be the reference node. We will often choose the node at the bottom of the circuit to
be the reference node. (When the circuit contains a grounded power supply, the ground node of
the power supply is usually selected as the reference node.) In Figure 4.2-1b, node c is selected
as the reference node and marked with the symbol used to identify the reference node.

The voltage at any node of the circuit, relative to the reference node, is called a node voltage.
In Figure 4.2-1b, there are two node voltages: the voltage at node a with respect to the reference
node, node c, and also the voltage at node b, again with respect to the reference node, node c.
In Figure 4.2-1¢, voltmeters are added to measure the node voltages. To measure node voltage
at node a, connect the red probe of the voltmeter at node a and connect the black probe at
the reference node, node c. To measure node voltage at node b, connect the red probe of the
voltmeter at node b and connect the black probe at the reference node, node c.

The node voltages in Figure 4.2-1¢ can be represented as v,. and vy, but it is conventional
to drop the subscript ¢ and refer to these as v, and v,. Notice that the node voltage at the
reference node is v = v = 0V, since a voltmeter measuring the node voltage at the reference
node would have both probes connected to the same point.

One of the standard methods for analyzing an electric circuit is to write and solve a set of
simultaneous equations called the node equations. The unknown variables in the node equations
are the node voltages of the circuit. We determine the values of the node voltages by solving
the node equations.

To write a set of node equations, we do two things:

1. Express element currents as functions of the node voltages.

2. Apply Kirchhoff’s current law (KCL) at each of the nodes of the circuit, except for the
reference node.

Consider the problem of expressing element currents as functions of the node voltages.
Although our goal is to express element currents as functions of the node voltages, we begin
by expressing element voltages as functions of the node voltages. Figure 4.2-2 shows how this
is done. The voltmeters in Figure 4.2-2 measure the node voltages, v; and v,, at the nodes of
the circuit element. The element voltage has been labeled as v,. Applying Kirchhoft’s voltage
law to the loop shown in Figure 4.2-2 gives

Va =V — V2

This equation expresses the element voltage, v,, as a function of the node voltages, v; and v;.
(There is an easy way to remember this equation. Notice the reference polarity of the element

+ v, -
@ Voltmeter @ i n @ Voltmeter @

FIGURE 4.2-2 Node voltages, v; and v,, and element voltage, v,, of a circuit element.
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FIGURE 4.2-3 Node voltages, v| and v,, and element voltage, vi — v,, of a (a) generic circuit element, (b) voltage
source, and (c) resistor.

voltage, v,. The element voltage is equal to the node voltage at the node near the 4 of the
reference polarity minus the node voltage at the node near the — of the reference polarity.)

Now consider Figure 4.2-3. In Figure 4.2-3a, we use what we have learned to express the
voltage of a circuit element as a function of node voltages. The circuit element in Figure 4.2-3a
could be anything: a resistor, a current source, a dependent voltage source, and so on. In Figures
4.2-3b, ¢, we consider specific types of circuit element. In Figure 4.2-3b the circuit element is
a voltage source. The element voltage has been represented twice, once as the voltage source
voltage, Vs, and once as a function of the node voltages, v; — v,. Noticing that the reference
polarities for Vs and v; — v, are the same (both + on the left), we write

Vs=vi—v

This is an important result. Whenever we have a voltage source connected between two nodes
of a circuit, we can express the voltage source voltage, Vs, as a function of the node voltages,
Vi and Va.

Frequently we know the value of the voltage source voltage. For example, suppose that
Ve =12 V. Then

12=V1—V2

This equation relates the values of two of the node voltages.

Next consider Figure 4.2-3¢. In Figure 4.2-3¢ the circuit element is a resistor. We will use
Ohm’s law to express the resistor current, 7, as a function of the node voltages. First, we express
the resistor voltage as a function of the node voltages, v; — v,. Noticing that the resistor voltage,
vi — vy, and the current, i, adhere to the passive convention, we use Ohm’s law to write

. Vi — V2
| =
R
Frequently we know the value of the resistance. For example when R =8 €2, this equation
becomes
. Vi—Ww2
= ——
8

This equation expresses the resistor current, 7, as a function of the node voltages, v; and v;.

Next let’s write node equations to represent the circuit shown in Figure 4.2-4a. The input to
this circuit is the current source current, is. To write node equations, we will first express the
resistor currents as functions of the node voltages and then apply Kirchhoff’s current law at
nodes a and b. The resistor voltages are expressed as functions of the node voltages in Figure
4.2-4b, and then the resistor currents are expressed as functions of the node voltages in Figure
4.2-4c.
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FIGURE 4.2-4 (a) A circuit with three resistors. (b) The resistor voltages expressed as functions of the node
voltages. (c¢) The resistor currents expressed as functions of the node voltages.

b

The node equations representing the circuit in Figure 4.2-4 are obtained by applying
Kirchhoff’s current law at nodes a and b. Using KCL at node a gives

. Va Va = Vb
= — 4.2-1
Is R, R, ( )
Similarly, the KCL equation at node b is
Ya— Vo _ % (4.2-2)
R, R; '

IfR =1Q,R,=R;=0.59Q, and iy =4 A, Egs. 4.2-1 and 4.2-2 may be rewritten as

Va — Vb Va
4= — 4.2-3
1 + 0.5 ( )
Va — Vb Vb
= 4.2-4
1 0.5 ( )
Solving Eq. 4.2-4 for vy, gives
Va
= — 4.2-5
Vo =3 (4.2-5)

Substituting Eq. 4.2-5 into Eq. 4.2-3 gives

Va 8
4=v, — 3 + 2v, = gva (4.2-6)
Solving Eq. 4.2-6 for v, gives
3
Va = 5 V
Finally, Eq. 4.2-5 gives
1
Vb = < Vv

October 17, 2005
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Thus, the node voltages of this circuit are

1
VaIEV and VbZEV

Determine the value of the resistance R in the circuit shown in Figure 4.2-5a.

Solution

Let v, denote the node voltage at node a and v, denote the node voltage at node b. The voltmeter in Figure 4.2-5
measures the value of the node voltage at node b, v,,. In Figure 4.2-5b, the resistor currents are expressed as functions
of the node voltages. Apply KCL at node a to obtain

Using vy, =5V, gives

Solving for v,, we get

Next, apply KCL at node b to obtain

Using v, = —10V and v, =5V gives

Finally, solving for R gives

[5].[o]o]

Q Voltmeter Q

! Ya U

a b a — b

— —

FIGURE 4.2-5 (a) The circuit for Example 4.2-1. (b) The circuit after the resistor currents are expressed as functions of the node voltages.
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—&—| ExampLE 4.2-2  Node Equations |

Obtain the node equations for the circuit in Figure 4.2-6.

Solution
Let v, denote the node voltage at node a, v, denote the node voltage at node b, and v, denote the node voltage at node c.
Apply KCL at node a to obtain

Vo — Ve Va — V¢ Va — Vp
_ . - —0
( R >+ll ( R, >+lz ( Rs )

Separate the terms of this equation that involve v, from the terms that involve v, and the terms that involve v, to obtain

IR 1 L1 -
—+— 4+ —a—| ===+ = Jve=i1+i
R R, Rs) " \Rs)P" \R "R

There is a pattern in the node equations of circuits that contain only resistors and current sources. In the node equation
at node a, the coefficient of v, is the sum of the reciprocals of the resistances of all resistors connected to node a. The
coefficient of v, is minus the sum of the reciprocals of the resistances of all resistors connected between node b and
node a. The coefficient of v, is minus the sum of the reciprocals of the resistances of all resistors connected between
node ¢ and node a. The right-hand side of this equation is the algebraic sum of current source currents directed into
node a.

Apply KCL at node b to obtain

. Va — Wb Vp — Ve Vb .
— _ = =0
12+< Rs ) < R; ) <R4)+l3

Separate the terms of this equation that involve v, from the terms that involve v, and the terms that involve v, to obtain

LY, (L, 1 o
— =) —+ — 4+ — == |ve=i3—1i
Rs a R; R, Rs b R; c 3 2

As expected, this node equation adheres to the pattern for node equations of circuits that contain only resistors and
current sources. In the node equation at node b, the coefficient of vy, is the sum of the reciprocals of the resistances of all
resistors connected to node b. The coefficient of v, is minus the sum of the reciprocals of the resistances of all resistors
connected between node a and node b. The coefficient of v, is minus the sum of the reciprocals of the resistances of
all resistors connected between node ¢ and node b. The right-hand side of this equation is the algebraic sum of current
source currents directed into node b.

Finally, use the pattern for the node equations of circuits that contain only resistors and current sources to obtain
the node equation at node c:

1 n 1 1 n 1 n 1 n 1 n 1 .
=+ === —t — 4+ — 4+ — |y =—i
R R)J)* R3 ° Rl Ry Ry Re)° 1

OF

hd b A% FIGURE 4.2-6

The circuit for Example 4.2-2.
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- @ | ExAmPLE 4.2-3 Node Equations I

Ry=10Q, Ry =4, Rs=5%, and Rg =2 Q.

Solution
The node equations are

11 Vo (Lt ),
st Q)T \s T2 T 0 T2 T

or 09v, —0.2vy, — 0.7v. =3
—0.2v, + 0.55v, — 0.1y, = 1
—0.7v, — 0.1vy + 1.3v, = —1

The node equations can be written using matrices as

09 =02 —0.7(]|va 3
—02 055 —01][w|=
—-0.7 —0.1 1.3 L ve -1

This matrix equation can be solved using Cramer’s rule (see Appendix A). First calculate

09 —02 —0.7
A=|-02 055 —0.1|=0.2850
—0.7 -0.1 1.3

Determine the node voltages for the circuit in Figure 4.2-6 when ij =1A, i, =2A, i5=3A, Ri=5Q, R, =22,

Next, we find

3 -02 -07 09 3 —-07

1 0.55 —0.1 —-0.2 1 —-0.1

-1 -0.1 1.3 -0.7 -1 1.3

V, = A =7.1579, v, = A = 5.0526 and
0.9 —-0.2 3
—-0.2  0.55 1
-0.7 —-0.1 -1
Ve = x = 3.4737

October 17, 2005

Exercise 4.2-1 Determine the node voltages, v, and vy, for the circuit of Figure E 4.2-1.

Answer: v,=3Vand v, =11V

Exercise 4.2-2 Determine the node voltages, v, and vy, for the circuit of Figure E 4.2-2.

Answer: vo=—4/3Vand v, =4V

14:13



P1: IML/OVY P2: IML/OVY QC: IML/OVY T1: IML
GTBLO002-dorfc04 GTBLO002-Dorf-v32 October 17, 2005 14:13

Node Voltage Analysis of Circuits with Current and Voltage Sources - @

3A
) 20 . 2 29
sa 1a(}) §4Q 3A soa (Dana
1 T
FIGURE E 4.2-1 FIGURE E 4.2-2

4.3 Node Voltage Analysis of Circuits with Current
and Voltage Sources

In the preceding section we determined the node voltages of circuits with independent current
sources only. In this section we consider circuits with both independent current and voltage
sources.

First we consider the circuit with a voltage source between ground and one of the other
nodes. Since we are free to select the reference node, this particular arrangement is easily
achieved. Such a circuit is shown in Figure 4.3-1. We immediately note that the source is
connected between terminal a and ground, and therefore

Va = Vs
Thus, v, is known and only v, is unknown. We write the KCL equation at node b to obtain
Vb Vb — Va
R Ry

Iy =

However, v, = vs. Therefore
. Vb | Vb — Vs
Is=— +
TR R
Then, solving for the unknown node voltage v;,, we get
_ RaR3is + Ryvs

Vp =
Ry + R;

Next, let us consider the circuit of Figure 4.3-2, which includes a voltage source between two
nodes. Since the source voltage is known, use KVL to obtain

Va = Vp = Vs

or Va = Vs + Vp
Supernode
Us
v v
a C—\ b
\_/

Us C) Ry R3 C) s Ry Ry (D Is
FIGURE 4.3-1 Circuit with an independent voltage FIGURE 4.3-2 Circuit with a supernode that

source and an independent current source. incorporates v, and vp,.
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Table 4.3-1 Node Voltage Analysis Methods with a Voltage Source

CASE METHOD
1. The voltage source connects node q Set vq equal to the source voltage
and the reference node (ground). accounting for the polarities and proceed to
write the KCL at the remaining nodes.
2. The voltage source lies between two Create a supernode that incorporates a
nodes, a and b. and b and equate the sum of all the currents

into the supernode to zero.

To account for the fact that the source voltage is known, we consider both node a and node b
as part of one larger node represented by the shaded ellipse shown in Figure 4.3-2. We require
a larger node since v, and v, are dependent. This larger node is often called a supernode or
a generalized node. KCL says that the algebraic sum of the currents entering a supernode is
zero. That means that we apply KCL to a supernode in the same way that we apply KCL to a
node.

A supernode consists of two nodes connected by an independent or a dependent voltage
source.

We then can write the KCL equation at the supernode as
Va Vb .
22—
R R
However, since v, = v + vy, We have
Vs+Vp Vb
R Ry,
Then, solving for the unknown node voltage vy,, we get
R1R2i s — szs
Vp == ——————————
R+ R,
We can now compile a summary of both methods of dealing with independent voltage
sources in a circuit we wish to solve by node voltage methods, as recorded in Table 4.3-1.

Is

—® | EXAMPLE 4.3-1 Node Equations for a Circuit Containing Voltage Sources —

Solution

Determine the node voltages for the circuit shown in Figure 4.3-3.

The methods summarized in Table 4.3-1 are exemplified in this solution. The 4-V voltage source connected to node a
exemplifies method 1. The 8-V source between nodes b and ¢ exemplifies method 2.
Using method 1 for the 4-V source, we note that

v =—4V

FIGURE 4.3-3
A circuit containing two voltage sources,

only one of which is connected to the
reference node.
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Using method 2 for the 8-V source, we have a supernode at nodes b and c. The node voltages at nodes b and c are
related by
Vp = Ve + 8
Writing a KCL equation for the supernode, we have
Vb — Va Vb Ve
6 TRV
or 3vp+ve=24+2v,

Using v, = —4 V and vy, = v + 8 to eliminate v, and vy, we have
3(ve +8) +ve =24+ 2(—4)
Solving this equation for v, we get
ve=-2V
Now we calculate vy, to be

Vo =Ve+8=-2+8=6V

Determine the values of the node voltages, v, and v, for the circuit shown in Figure 4.3-4.

Solution

We can write the first node equation by considering the voltage source. The voltage source voltage is related to the
node voltages by

Vo=V =12 = vy=v,+12

In order to write the second node equation, we must decide what to do about the voltage source current. (Notice that
there is no easy way to express the voltage source current in terms of the node voltages.) In this example, we illustrate
two methods of writing the second node equation.
12V
a b

* . FIGURE 4.3-4
= The circuit for Example 4.3-2.

Method 1:  Assign a name to the voltage source current. Apply KCL at both of the voltage source nodes. Eliminate
the voltage source current from the KCL equations.

Figure 4.3-5 shows the circuit after labeling the voltage source current. The KCL equation at node a is

. Va
1.5 = —
+1 6

The KCL equation at node b is

P35+ 2 =0
3
Combining these two equations gives

Vb Va Vb
1.5—(3.5 Yoy _ e o= ta
+ 3) 6 *3

14:13
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12V
a t b
= .
+ 7 +
1.5 A Va 6 Q 35 A Up 3Q

- FIGURE 4.3-5
= Method 1 for Example 4.3-2.

Method 2: Apply KCL to the supernode corresponding to the voltage source. Shown in Figure 4.3-6, this
supernode separates the voltage source and its nodes from the rest of the circuit. (In this small circuit, the rest of the
circuit is just the reference node.)

Apply KCL to the supernode to get

Va AUN Va Vb
1.5=—+354— —20=—+—

6 T3 T 63
This is the same equation that was obtained using method 1. Applying KCL to the supernode is a shortcut for doing
three things:
1. Labeling the voltage source current as i
2. Applying KCL at both nodes of the voltage source
3. Eliminating i from the KCL equations

FIGURE 4.3-6

Method 2 for Example 4.3-2.

In summary, the node equations are

and

Solving the node equations gives
vp=—12V and v, =0V

(We might be surprised that vy, is 0 V, but it is easy to check that these values are correct by substituting them into the
node equations.)

—@ I ExAmPLE 4.3-3 Node Equations for a Circuit Containing Voltage Sources I —_—

Determine the node voltages for the circuit shown in Figure 4.3-7.

Solution
We will calculate the node voltages of this circuit by writing a KCL equation for the supernode corresponding to the

10-V voltage source. First notice that

Vp = —12V

14:13
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and that
Va = v + 10

Writing a KCL equation for the supernode, we have

Va — Vp Ve — Vp
2 =5
10 et 40
or 4y, +v.—5v, =120
Using v , = v, 4+ 10 and v, = —12 to eliminate v, and vy, we have

4(ve + 10) 4 v — 5(—12) = 120

Solving this equation for v, we get

FIGURE 4.3-7
The circuit for Example 4.3-3.

Exercise 4.3-1  Find the node voltages for the circuit of Figure E 4.3-1.
Hint: Write a KCL equation for the supernode corresponding to the 10-V voltage source.

v+ 10wy
Answer: 24+ —5—+35=5 = w=30V and v, =40V
8V
100
O 200 00 (PDsa (OD12v (#M 400
=

FIGURE E 4.3-1 FIGURE E 4.3-2

Exercise 4.3-2  Find the voltages v, and vy, for the circuit of Figure E 4.3-2.

8)—(—12
LA —(=12) v 5 8V and v, = 16V

Answe
10 40

October 17, 2005
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4.4 Node Voltage Analysis with Dependent Sources

When a circuit contains a dependent source, the controlling current or voltage of that
dependent source must be expressed as a function of the node voltages.

It is then a simple matter to express the controlled current or voltage as a function of the node
voltages. The node equations are then obtained using the techniques described in the previous
two sections.

—®—| EXAMPLE 4.4-1 Node Equations for a Circuit Containing a Dependent Source -

Determine the node voltages for the circuit shown in Figure 4.4-1.

a i, 6Q b 30Q c
A%\ M
8V (# 2A 3
L
Solution

The controlling current of the dependent source is ix. Our first task is to express this current as a function of the node
voltages:

FIGURE 4.4-1
A circuit with a CCVS.

Va — Vb

= —¢
The value of the node voltage at node a is set by the 8-V voltage source to be
v, =8V
S0 . 88—y
b 6
The node voltage at node c is equal to the voltage of the dependent source, so

8 —
vC=3iX=3( 6Vb>=4—E (44-1)

Next, apply KCL at node b to get
8 —vp Vb — Ve

2= 4.4-2
¢ T 3 ( )

Using Eq. 4.4-1 to eliminate v, from Eq. 4.4-2 gives

Vb
8 —wp Vb_(4_?)_vb
T2

2 =
6+ 3

TN

Solving for v, gives

Then Ve=4— ===V
2
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—0—| ExampLE 4.4-2 |

Determine the node voltages for the circuit shown in Figure 4.4-2.

OFL b, S40 100

FIGURE 4.4-2
- A circuit with a VCVS.

Solution

The controlling voltage of the dependent source is vy. Our first task is to express this voltage as a function of the node

voltages:

Vx = —Va

The difference between the node voltages at nodes a and b is set by voltage of the dependent source:

Va—Vp =4 vy =4(—vy) = —4 v,
Simplifying this equation gives
Ve =5V,

Applying KCL to the supernode corresponding to the dependent voltage source gives

3= Va + Vb
410
Using Eq. 4.4-3 to eliminate vy, from Eq. 4.4-4 gives

Va S5v, 3

3=— =
40 "%
Solving for v,, we get
v,=4V
Finally, vo=5v,=20V

—&—| ExampLE 4.4-3 |

Determine the node voltages corresponding to nodes a and b for the circuit shown in Figure 4.4-3.

e ., 20Q

1 FIGURE 4.4-3
— A circuit with a CCCS.

October 17, 2005
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Solution

The controlling current of the dependent source is i,. Our first task is to express this current as a function of the node
voltages. Apply KCL at node a to get

6—v, . Va — Vp

T

Node a is connected to the reference node by a short circuit, so v, =0 V. Substituting this value of v, into the above
equation and simplifying gives
. 12 + v
I =

20

(4.4-5)
Next, apply KCL at node b to get

0—v
% b =54, (4.4-6)

Using Eq. 4.4-5 to eliminate i, from Eq. 4.4-6 gives
00— _5 12+ vy
20 20

Vp = —-10V

Solving for v, gives

Exercise 4.4-1  Find the node voltage vy, for the circuit shown in Figure E 4.4-2.

Hint: Apply KCL at node a to express i, as a function of the node voltages. Substitute the
result into v, =4, and solve for vy,.

A 6 m W _g 45V
nswer: —— _—— = Vy = 4.
TR T Y T 2 b
20 Q 15Q
8Q R 12Q b a b
AWMV AWV VW——o—WV

C) 6V iy l 4, (i) 6V v, v,

T L

FIGURE E 4.4-1 A cireuit with a CCVS. FIGURE E 4.4-2 A circuit with a VCVS.

Exercise 4.4-2  Find the node voltages for the circuit shown in Figure E 4.4-2.

Hint: The controlling voltage of the dependent source is a node voltage, so it is already
expressed as a function of the node voltages. Apply KCL at node a.

a— 0 vy, —4v
20 * 15

Answer: =0 = v,=-2V
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4.5 Mesh Current Analysis with Independent
Voltage Sources

In this and succeeding sections, we consider the analysis of circuits using Kirchhoff’s voltage
law (KVL) around a closed path. A closed path or a loop is drawn by starting at a node and
tracing a path such that we return to the original node without passing an intermediate node
more than once.

A mesh is a special case of a loop.

A mesh is a loop that does not contain any other loops within it.

Mesh current analysis is applicable only to planar networks. A planar circuit is one that can
be drawn on a plane, without crossovers. An example of a nonplanar circuit is shown in Figure
4.5-1, where the crossover is identified and cannot be removed by redrawing the circuit. For
planar networks, the meshes in the network look like “windows.” There are four meshes in the
circuit shown in Figure 4.5-2. They are identified as M;. Mesh 2 contains the elements R3, R4,
and Rs. Note that the resistor Rz is common to both mesh 1 and mesh 2.

We define a mesh current as the current that flows through the elements constituting the
mesh. Figure 4.5-3a shows a circuit having two meshes with the mesh currents labeled as i
and i,. We will use the convention of a mesh current flowing clockwise as shown in Figure
4.5-3a. In Figure 4.5-3b, ammeters have been inserted into the meshes to measure the mesh
currents.

One of the standard methods for analyzing an electric circuit is to write and solve a set
of simultaneous equations called the mesh equations. The unknown variables in the mesh
equations are the mesh currents of the circuit. We determine the values of the mesh currents
by solving the mesh equations.

Crossover

FIGURE 4.5-1

NV d Nonplanar circuit with a crossover.

r———————————— ﬁ‘

Ry Ry | |

AWV My

. T T T \ !

: \ N Mg \ \

. " N\Cr, |

~ | ‘ |\ N Ra ‘ \

Ug (_) [ My ‘R3 I \\ \\ } R6‘ ‘

\ | N N |

I RN L

o S - FIGURE 4.5-2
IVI\Q/\’ ) Circuit with four meshes. Each mesh is identified
5

by dashed lines.
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L a | [ 2 ]

Q Ammeter Q Q Ammeter Q

INERIRE ]

(a) (b)

FIGURE 4.5-3 (a) A circuit with two meshes. (b) Inserting ammeters to measure the mesh currents.

To write a set of mesh equations, we do two things:

1. Express element voltages as functions of the mesh currents.
2. Apply Kirchhoff’s voltage law (KVL) to each of the meshes of the circuit.

Consider the problem of expressing element voltages as functions of the mesh currents.
Although our goal is to express element voltages as functions of the mesh currents, we begin
by expressing element currents as functions of the mesh currents. Figure 4.5-3b shows how
this is done. The ammeters in Figure 4.5-3h measure the mesh currents, i; and 7. Elements C
and E are in the right mesh but not in the left mesh. Apply Kirchhoff’s current law at node ¢
and then at node f'to see that the currents in elements C and E are equal to the mesh current of
the right mesh, 7,, as shown in Figure 4.5-3b. Similarly, elements A and D are only in the left
mesh. The currents in elements A and D are equal to the mesh current of the left mesh, 7}, as
shown in Figure 4.5-3b.

Element B is in both meshes. The current of element B has been labeled as #,. Applying
Kirchhoff’s current law at node b in Figure 4.5-3b gives

Iy =11 — Iy

This equation expresses the element current, iy, as a function of the mesh currents, i; and
1.

Figure 4.5-4a shows a circuit element that is in two meshes. The current of the circuit
element is expressed as a function of the mesh currents of the two meshes. The circuit element
in Figure 4.5-4a could be anything: a resistor, a current source, a dependent voltage source,
and so on. In Figures 4.5-4b, ¢, we consider specific types of circuit element. In Figure 4.5-4b,
the circuit element is a current source. The element current has been represented twice, once
as the current source current, 3 A, and once as a function of the mesh currents, i; — i,. Noticing
that the reference directions for 3 A and i; — i; are different (one points up, the other points
down), we write

—3=i—1i
This equation relates the values of two of the mesh currents.

Next consider Figure 4.5-4c. In Figure 4.5-4c, the circuit element is a resistor. We will use
Ohm’s law to express the resistor voltage, v, as functions of the mesh currents. First, we express

October 17, 2005
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/,Dm

lin-io fir-i

N
li=ii-ip

(a) (b) (c)
FIGURE 4.5-4 Mesh currents, i and i», and element current, i1 — i3, of a (a) generic circuit element, (b) current
source, and (c) resistor.

the resistor current as a function of the mesh currents, #; — i,. Noticing that the resistor current,
i1 — iy, and the voltage, v, adhere to the passive convention, we use Ohm’s law to write

v = R(iy — i3)

Frequently we know the value of the resistance. For example, when R =8 2, this equation
becomes

Vv = 8(i1 - iz)

This equation expresses the resistor voltage, v, as a function of the mesh currents, i; and i,.

Next, let’s write mesh equations to represent the circuit shown in Figure 4.5-5a. The input
to this circuit is the voltage source voltage, vs. To write mesh equations, we will first express
the resistor voltages as functions of the mesh currents and then apply Kirchhoff’s voltage law
to the meshes. The resistor currents are expressed as functions of the mesh currents in Figure
4.5-5b, and then the resistor voltages are expressed as functions of the mesh currents in Figure
4.5-5c¢.

We may use Kirchhoff’s voltage law around each mesh. We will use the following convention
for obtaining the algebraic sum of voltages around a mesh. We will move around the mesh
in the clockwise direction. If we encounter the + sign of the voltage reference polarity of an
element voltage before the — sign, we add that voltage. Conversely, if we encounter the — of

Ug (i) i) Rs @ Ug (ﬁ) i) Rs @

(a) (b)
+ Rlil - + R2i2 -

—A——\W

—_—
i R + R iy

Vs (.D q R3< R3l(iy —ip)
. . - 12
I l q
(c)
FIGURE 4.5-5 (a) A circuit. (b) The resistor currents expressed as functions of the mesh currents. (c) The resistor
voltages expressed as functions of the mesh currents.
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the voltage reference polarity of an element voltage before the + sign, we subtract that voltage.
Thus, for the circuit of Figure 4.5-5¢, we have

mesh 11 —vg+ Riiy + R3(i; —i2) =0 (4.5-1)
mesh 2: —R3(iy —iz)+ Ryi, =0 (4.5-2)
Note that the voltage across R3 in mesh 1 is determined from Ohm’s law, where
v = R3iy = R3(iy — i)

where i, is the actual element current flowing downward through Rs.
Equations 4.5-1 and 4.5-2 will enable us to determine the two mesh currents #; and .
Rewriting the two equations, we have

i1(R1 + R3) — 2R3 = s
and —i1R3+i(R3+ Ry) =0
IfRi=R,=R3;= 1, we have
20 — iy = v
and —i1+2i, =0
Add twice the first equation to the second equation, obtaining 3i; = 2v,. Then we have

. 2 vg
1 =

and i, = s
3 3

Thus, we have obtained two independent mesh current equations that are readily solved
for the two unknowns. If we have N meshes and write N mesh equations in terms of N mesh
currents, we can obtain N independent mesh equations. This set of N equations is independent
and thus guarantees a solution for the N mesh currents.

A circuit that contains only independent voltage sources and resistors results in a specific
format of equations that can readily be obtained. Consider a circuit with three meshes, as shown
in Figure 4.5-6. Assign the clockwise direction to all of the mesh currents. Using KVL, we
obtain the three mesh equations

mesh 1: —vg+ Ryiy + Ry(iy — i) =0
mesh 2: Ryip + Rs(iz —i3) + Ra(ix —i1) =0
mesh 3:  Rs(iz —i2) + R3iz +v, =0

These three mesh equations can be rewritten by collecting coefficients for each mesh current
as

mesh 1: (Ry + Ry)i; — R4y = vs
mesh 2: —Ry4i; + (R4 + Ry + Rs)is — Rsiz =0
mesh 3: —Rsis + (R3 + Rs)i; = —Vg

Hence, we note that the coefficient of the mesh current i; for the first mesh is the sum
of resistances in mesh 1 and the coefficient of the second mesh current is the negative of the

Ry Ry R3

AW\ AW\ AW\
Us q Ry q Rs q Ug  FIGURE 4.5-6
Circuit with three mesh currents and two

voltage sources.
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resistance common to meshes 1 and 2. In general, we state that for mesh current i,,, the equation
for the nth mesh with independent voltage sources only is obtained as follows:

0 lis N
= Riig + Y Rjiy ==Y v (4.5-3)
g=1 j=1 n=1

That is, for mesh » we multiply i, by the sum of all resistances R; around the mesh. Then
we add the terms due to the resistances in common with another mesh as the negative of the
connecting resistance Ry, multiplied by the mesh current in the adjacent mesh i, for all O
adjacent meshes. Finally, the independent voltage sources around the loop appear on the right
side of the equation as the negative of the voltage sources encountered as we traverse the loop
in the direction of the mesh current. Remember that the above result is obtained assuming all
mesh currents flow clockwise.

The general matrix equation for the mesh current analysis for independent voltage sources
present in a circuit is

Ri=v, (4.5-4)

where R is a symmetric matrix with a diagonal consisting of the sum of resistances in each
mesh and the off-diagonal elements are the negative of the sum of the resistances common to
two meshes. The matrix i consists of the mesh current as

i
i
i=
iy
For N mesh currents, the source matrix v is
Vsl1
Vs2
Vs =

where vy; is the algebraic sum of the voltages of the voltage sources in the jth mesh with the
appropriate sign assigned to each voltage.
For the circuit of Figure 4.5-6 and the matrix Eq. 4.5-4, we have

(R + Ry) —Ry 0
R= —Ry (R2 + R4+ R5) —Rs
0 —Rs (R3 + Rs)

Note that R is a symmetric matrix, as we expected.

Exercise 4.5-1 Determine the value of the voltage measured by the voltmeter in Figure
E 4.5-1.

Answer: —1V

October 17, 2005
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6Q
N\

30 [TTT]

—© Voltmeter @

¢ FIGURE E 4.5-1

4.6 Mesh Current Analysis with Current and
Voltage Sources

Heretofore, we have considered only circuits with independent voltage sources for analysis by
the mesh current method. If the circuit has an independent current source, as shown in Figure
4.6-1, we recognize that the second mesh current is equal to the negative of the current source
current. We can then write

Iy = —Ig
and we need only determine the first mesh current 7. Writing KVL for the first mesh, we obtain
(R1 + Ro)iy — Ryiz = s
Since i, = —is, we have

. vs — Rai
_ s s 4.6-1
TRt R (4.6-1)

where i and v are sources of known magnitude.
If we encounter a circuit as shown in Figure 4.6-2, we have a current source i that has an
unknown voltage vy, across its terminals. We can readily note that

iy — i) = s (4.6-2)
by writing KCL at node a. The two mesh equations are
mesh 1: Ryi| + vap = Vs (4.6-3)
mesh2: (Ry + R3)ip —vap, =0 (4.6-4)
We note that if we add Eqgs. 4.6-3 and 4.6-4, we eliminate v,,, obtaining
Riiy + (Ry + R3)in = v
However, since i, =i + i;, we obtain

Riit + (Ry + R3)(is +i1) = vs

Ry a R,
Ry R3 NV NV
AM—1—AAN |
| . q . q 2,
Us ih Ry iy Is
& b
FIGURE 4.6-1 Circuit with an independent voltage FIGURE 4.6-2 Circuit with an independent current

source and an independent current source. source common to both meshes.
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or — (R R3)i
o= L Rk Ry (4.6-5)
Ri+ Ry + R3

Thus, we account for independent current sources by recording the relationship between
the mesh currents and the current source current. If the current source influences only one
mesh current, we write the equation that relates that mesh current to the current source current
and write the KVL equations for the remaining meshes. If the current source influences two
mesh currents, we write the KVL equation for both meshes, assuming a voltage v, across the
terminals of the current source. Then, adding these two mesh equations, we obtain an equation
independent of vyp,.

—@ |EXAMPLE 4.6-1 Mesthuationsl

Consider the circuit of Figure 4.6-3 where R} =R, = 1 Q and R; =2 Q. Find the three mesh currents.

Solution
Since the 4-A source is only in mesh 1, we note that

i =4
For the 5-A source, we have
ip—i3 =35

Writing KVL for mesh 2 and mesh 3, we obtain

mesh2:  Ri(ip — i)+ vy = 10

mesh 3:  Ry(iz —i1)+ R3iz — v =0
We substitute i} =4 and add Eqgs. 4.6-7 and 4.6-8 to obtain

Ri(iy —4) + Rao(i3s —4) + R3iz = 10
From Eq. 4.6-6, i, =5 + i3. Substituting into Eq. 4.6-9, we have
Ri(5+4+i3—4)+ Ra(iz —4)+ R3i3 = 10

Using the values for the resistors, we obtain

13 33
l'3=ZA and i2:5+i3=TA

4 A

fan\
N\
q
Ry Ry

a

wov(Zr ip 5A/’q R3
FIGURE 4.6-3

Circuit with two independent current
sources.

Another technique for the mesh analysis method when a current source is common to two
meshes involves the concept of a supermesh. A supermesh is one mesh created from two
meshes that have a current source in common, as shown in Figure 4.6-4.

October 17, 2005

(4.6-6)

(4.6-7)
(4.6-8)

(4.6-9)

14:13



P1: IML/OVY
GTBL002-dorfc04

P2: IML/OVY

QC: IML/OVY T1: IML
GTBLO002-Dorf-v32

@ *  Methods of Analysis of Resistive Circuits

FIGURE 4.6-4
Circuit with a supermesh that incorporates mesh 1 and mesh 2.
The supermesh is indicated by the dashed line.

A supermesh is one larger mesh created from two meshes that have an independent or
dependent current source in common.

For example, consider the circuit of Figure 4.6-4. The 5-A current source is common to
mesh 1 and mesh 2. The supermesh consists of the interior of mesh 1 and mesh 2. Writing
KVL around the periphery of the supermesh shown by the dashed lines, we obtain

—104+1G —i3) + 3@ —i3) +2i, =0
For mesh 3, we have
1G5 —i1) +2i3+ 333 — i) =0
Finally, the equation that relates the current source current to the mesh currents is
i1—i; =5

Then the three equations may be reduced to

supermesh: 1iy +5i, —4i3 =10
mesh 3: —1iy — 3i + 6i3 =0
current source: 1liy,—1i, =5

Therefore, solving the three equations simultaneously, we find that i =2.5A, 7, =7.5 A, and
iz =2.5A.

The methods of mesh current analysis utilized when a current source is present are summa-
rized in Table 4.6-1.

Table4.6-1 Mesh Current Analysis Methods with a Current Source

CASE METHOD
1. A current source appears on Equate the mesh current i, to the current source current,
the periphery of only one accounting for the direction of the current source.
mesh, n.
2. A current source is common A. Assume a voltage v,, across the terminals of the current
to two meshes source, write the KVL equations for the two meshes, and
add them to eliminate vy,
or

B. Create a supermesh as the periphery of the two meshes
and write one KVL equation around the periphery of the
supermesh. In addition, write the constraining equation for
the two mesh currents in terms of the current source.

October 17, 2005
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® | EXAMPLE 4.6-2  Supermeshes | =7

Determine the values of the mesh currents, i; and i, for the circuit shown in Figure 4.6-5.

90 30
NV ' NV
12 v<% q 15 A(% q 60
Solution

We can write the first mesh equation by considering the current source. The current source current is related to the
mesh currents at by

FIGURE 4.6-5
The circuit for Example 4.6-2.

ih—ih=15 = ii=i+1.5

In order to write the second mesh equation, we must decide what to do about the current source voltage. (Notice that
there is no easy way to express the current source voltage in terms of the mesh currents.) In this example, we illustrate
two methods of writing the second mesh equation.

Method 1:  Assign a name to the current source voltage. Apply KVL to both of the meshes. Eliminate the current
source voltage from the KVL equations.

3Q

9Q
NN A
+
12V q 1.5 A q 6 Q
- FIGURE 4.6-6

Method 1 of Example 4.6-2.

<

Figure 4.6-6 shows the circuit after labeling the current source voltage. The KVL equation for mesh 1 is
91 +v—-12=0
The KVL equation for mesh 2 is
i +6i, —v=0
Combining these two equations gives
9i1 +Bi+6i)—12=0 = 91 +9i, =12

Method 2: Apply KVL to the supermesh corresponding to the current source. Shown in Figure 4.6-7, this
supermesh is the perimeter of the two meshes that each contain the current source. Apply KVL to the supermesh to get

9i1 +3i,+6ih,—12=0 = 9, +9, =12

9Q 3Q

M W\
12 v q 1.5Ad> QJ 6Q

This is the same equation that was obtained using method 1. Applying KVL to the supermesh is a shortcut for doing
three things:

FIGURE 4.6-7
Method 2 of Example 4.6-2.

1. Labeling the current source voltage as v

14:13
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and

2. Applying KVL to both meshes that contain the current source
3. Eliminating v from the KVL equations

In summary, the mesh equations are

i1=i+ 1.5
9i1 +9i, =12

Solving the node equations gives

ij =14167A and i, =—83.3mA

Exercise 4.6-1 Determine the value of the voltage measured by the voltmeter in Figure
E 4.6-1.

Hint: Write and solve a single mesh equation to determine the current in the 3-€2 resistor.
Answer: =4V

[TTT]

—© Voltmeter @

FIGURE E 4.6-1

Exercise 4.6-2 Determine the value of the current measured by the ammeter in Figure
E 4.6-2.

Hint: Write and solve a single mesh equation.
Answer: —3.67 A

[TTT]

—© Ammeter @

FIGURE E 4.6-2

4.7 Mesh Current Analysis with Dependent Sources

When a circuit contains a dependent source, the controlling current or voltage of that
dependent source must be expressed as a function of the mesh currents.

It is then a simple matter to express the controlled current or voltage as a function of the mesh
currents. The mesh equations can then be obtained by applying Kirchhoff’s voltage law to the
meshes of the circuit.

October 17, 2005
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—&—| EXAMPLE 4.7-1

Mesh Equations and
Dependent Sources

Solution

Solving for i, gives

Therefore

Apply KVL to mesh 1 to get

Consequently, the value of i; is

Apply KVL to mesh 2 to get
Finally,
32Q
24V

Ip =11 — I

S5iy, = —iy

iy = —5i, = —5(i] — i2)

. . .5,
—4i, = =51 = i, = le
. . 3
32i; —24=0 = ll:ZA

o 5/3 15
h=>(2)==A
4\4) " 16

320 —vp =0 = v, =320,

15
Vi = 32<—> =30V

16
32Q 32Q
o4V Q Voltmeter @
(a)

32Q 32Q 32 Q

ANV
24V q }ia q 5i, Um
+

labeling the meshes.

(b)

(c)

October 25, 2005

@% INTERACTIVE EXAMPLE

Consider the circuit shown in Figure 4.7-1a. Find the value of the voltage measured by the voltmeter.

Figure 4.7-1b shows the circuit after replacing the voltmeter by an equivalent open circuit and labeling the voltage, vy,
measured by the voltmeter. Figure 4.7-1¢ shows the circuit after numbering the meshes. Let i} and i, denote the mesh
currents in meshes 1 and 2, respectively.

The controlling current of the dependent source, i,, is the current in a short circuit. This short circuit is common to
meshes 1 and 2. The short-circuit current can be expressed in terms of the mesh currents as

The dependent source is in only one mesh, mesh 2. The reference direction of the dependent source current does not
agree with the reference direction of i. Consequently,

FIGURE 4.7-1 (a) The circuit considered in Example 4.7-1. (b) The circuit after replacing the voltmeter by an open circuit. (¢) The circuit after

17:12
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—@&—| EXAMPLE 4.7-2 Mesh Equations and @%

Dependent Sources

Consider the circuit shown in Figure 4.7-2a. Find the value of the gain, A, of the CCVS.

10Q 4Q

@ Voltmeter @

36V
(a)
100 40 100 40
A% 0 NN
+ +
36V |ia A 7.2V 36V q |ia qm‘a —7.2V
. o -
(b) (c)

FIGURE 4.7-2 (a) The circuit considered in Example 4.7-2. (b) The circuit after replacing the voltmeter by an open circuit. (¢) The circuit after
labeling the meshes.

Solution
Figure 4.7-2b shows the circuit after replacing the voltmeter by an equivalent open circuit and labeling the voltage
measured by the voltmeter. Figure 4.7-2¢ shows the circuit after numbering the meshes. Let i} and i, denote the mesh
currents in meshes 1 and 2, respectively.

The voltage across the dependent source is represented in two ways. It is 47, with the + of reference direction at the
bottom and —7.2 V with the + at the top. Consequently

Ai, = —(=72)=72V

The controlling current of the dependent source, i,, is the current in a short circuit. This short circuit is common to
meshes 1 and 2. The short-circuit current can be expressed in terms of the mesh currents as

iy =11 — 1
Apply KVL to mesh 1 to get
10i; =36 =0 = i1 =3.6A
Apply KVL to mesh 2 to get
4i+(-72)=0 = i, =18A
_ Aia Ai, 7.2

i li—i 36-—18

Finally, A

=4V/A

4.8 The Node Voltage Method and Mesh Current
Method Compared

The analysis of a complex circuit can usually be accomplished by either the node voltage or
the mesh current method. The advantage of using these methods is the systematic procedures
provided for obtaining the simultaneous equations.
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In some cases one method is clearly preferred over another. For example, when the circuit
contains only voltage sources, it is probably easier to use the mesh current method. When the
circuit contains only current sources, it will usually be easier to use the node voltage method.

If a circuit has both current sources and voltage sources, it can be analyzed by either method.
One approach is to compare the number of equations required for each method. If the circuit
has fewer nodes than meshes, it may be wise to select the node voltage method. If the circuit
has fewer meshes than nodes, it may be easier to use the mesh current method.

Another point to consider when choosing between the two methods is what information is
required. If you need to know several currents, it may be wise to proceed directly with mesh
current analysis. Remember, mesh current analysis only works for planar networks.

It is often helpful to determine which method is more appropriate for the problem require-
ments and to consider both methods.

—®—| EXAMPLE 4.8-1 Mesh Equations ?% INTERACTIVE EXAMPLE &

Consider the circuit shown in Figure 4.8-1. Find the value of the resistance, R.

Q@ Ammeter @

FIGURE 4.8-1 The circuit considered in Example 4.8-1.

Solution
Figure 4.8-2a shows the circuit from Figure 4.8-1 after replacing the ammeter by an equivalent short circuit and labeling
the current measured by the ammeter. This circuit can be analyzed using mesh equations or using node equations. To
decide which will be easier, we first count the nodes and meshes. This circuit has five nodes. Selecting a reference node
and then applying KCL at the other four nodes will produce a set of four node equations. The circuit has three meshes.
Applying KVL to these three meshes will produce a set of three mesh equations. Hence, analyzing this circuit using
mesh equations instead of node equations will produce a smaller set of equations. Further, notice that two of the three
mesh currents can be determined directly from the current source currents. This makes the mesh equations easier to
solve. We will analyze this circuit by writing and solving mesh equations.

Figure 4.8-2b shows the circuit after numbering the meshes. Let 7}, i, and i3 denote the mesh currents in meshes 1,
2, and 3, respectively. The mesh current i, is equal to the current in the 1-A current source, so

h=1A
The mesh current i, is equal to the current in the 3-A current source, so
ip=3A
The mesh current i3 is equal to the current in the short circuit that replaced the ammeter, so
is=05A
Apply KVL to mesh 3 to get
2(i3 — iy) + 12(i3) 4+ R(is — i) = 0

Substituting the values of the mesh currents gives

2(0.5— 1)+ 12(0.5)+ R(0.5—-3)=0 = R=2Q

17:12
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1A 1A
) )
—/ —/
q
2Q 2Q 2Q 2Q
3n(} R losa  3a(% q Rq losa
6Q 12Q 6Q 120
NN—— W\ ANN——AVY
(a) (b)
FIGURE 4.8-2 (a) The circuit from Figure 4.8-1 after replacing the ammeter by a short circuit. (b) The circuit after labeling the meshes.

—@ | EXAMPLE 4.8-2 Node Equations ﬂﬁ% INTERACTIVE EXAMPLE o

Consider the circuit shown in Figure 4.8-3. Find the value of the resistance, R.

20
A

18V 2A

(? 16V 20 R Q@ Voltmeter @

FIGURE 4.8-3 The circuit considered in Example 4.8-2.

Solution
Figure 4.8-4a shows the circuit from Figure 4.8-3 after replacing the voltmeter by an equivalent open circuit and labeling
the voltage measured by the voltmeter. This circuit can be analyzed using mesh equations or using node equations. To
decide which will be easier, we first count the nodes and meshes. This circuit has four nodes. Selecting a reference
node and then applying KCL at the other three nodes will produce a set of three node equations. The circuit has three
meshes. Applying KVL to these three meshes will produce a set of three mesh equations. Analyzing this circuit using
mesh equations requires the same number of equations as are required to analyze the circuit using node equations.
Notice that one of the three mesh currents can be determined directly from the current source current, but two of the
three node voltages can be determined directly from the voltage source voltages. This makes the node equations easier
to solve. We will analyze this circuit by writing and solving node equations.

Figure 4.8-4b shows the circuit after selecting a reference node and numbering the other nodes. Let v;, v,, and v3
denote the node voltages at nodes 1, 2, and 3, respectively. The voltage of the 16-V voltage source can be expressed in
terms of the node voltages as

16=vi—-0 = vi=16V
The voltage of the 18-V voltage source can be expressed in terms of the node voltages as
18=vi—vy; = 18=16—v, = v, =-2V
The voltmeter measures the node voltage at node 3, so

v; =16V
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Apply KCL at node 3 to get
Vi — V3 V3
+2=2
R
Substituting the values of the node voltages gives
16 — 16 16
— +2=— = R=8Q
2 R
2Q 2Q
N\ N
18V 2A ® 18V () 2A ®
i + i +
16V (* 2Q R%MV 16V~ 2Q R%IGV
L
(a) (b)
FIGURE 4.8-4 (a) The circuit from Figure 4.8-3 after replacing the voltmeter by an open circuit. (b) The circuit after labeling the nodes.

4.9 Mesh Current Analysis Using MATLAB

We have seen that circuits that contain resistors and independent or dependent sources can be
analyzed in the following way:

1. Writing a set of node or mesh equations
2. Solving those equations simultaneously

In this section, we will use the computer program MATLAB to solve the equations.

Consider the circuit shown in Figure 4.9-1a. This circuit contains a potentiometer. In Figure
4.9-1b, the potentiometer has been replaced by a model of a potentiometer. R, is the resistance
of the potentiometer. The parameter a varies from 0 to 1 as the wiper of the potentiometer is
moved from one end of the potentiometer to the other. The resistances R4 and Rs are described
by the equations

Ry =aR, (4.9-1)
and Rs=(1—-a)R, (4.9-2)

Our objective is to analyze this circuit to determine how the output voltage changes as the
position of the potentiometer wiper is changed.

Ry=aR, Rs=(l-a)R,

FIGURE 4.9-1 (a) A circuit that contains a potentiometer and (b) an equivalent circuit formed by replacing the
potentiometer by a model of a potentiometer (0 < a < 1).

MATLAB MATLAB MATLAB MATLAB MATLAB MATLAB MATLAB MATLAB MATLAB MATLA
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The circuit in Figure 4.9-1b can be represented by mesh equations as
Ryiy + Raiy + R3(iy — i) —vi =0
Rsiy + Ryiy + [va — Rs3(i1 —i2)] = 0
These mesh equations can be rearranged as
(R1 + R4 + R3)iy — R3ip = v
—R3i1 + (Rs + Ry + R3)in = —vp
Substituting Eqs. 4.9-1 and 4.9-2 into Eq. 4.9-4 gives
(R +aRy + R3)iy — R3ix = vy
—R3i1 + [(1 —a)Ry, + Ry + R3li = —»2

(4.9-3)

(4.9-4)

(4.9-5)

mesh.m solves mesh equations

\

Enter values of

o0 o o 0\0\

the parameters that describe the circuit.

% circuit parameters
R1=1000; % ohms
R2=1000; % ohms
R3=5000; % ohms
vli= 15; % volts
v2=—15; % volts

% potentiometer parameters
Rp=20e3; % ohms

%
% the parameter a varies from 0 to 1 in 0.05 increments.
%

a=0:0.05:1; % dimensionless

for k=1:length(a)
>3

o

Here is the mesh equation, RI=V:

0P 0P

R = [Rl+a(k)*Rp+R3 —R3; %
—R3 (l1—a(k)) *Rp+R2+R31; % eqn.
v=1[ V1; % 4.9-6
—-Vv2]; %

Tell MATLAB to solve the mesh equation:

H 6P o0 o°

=V /R;

Calculate the output voltage from the mesh currents.

o0 o o

Vo(k) =R3*(I(1)—-I(2)); % egn. 4.9-7

end

%
% Plot Vo versus a

%

plot(a, Vo)

axis ([0 1 —15 15])
xlabel( a, dimensionless )

Q/label( Vo, V)

FIGURE 4.9-2 MATLAB input file used to analyze the circuit shown in Figure 4.9-1.

21:12
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BT 71 717 T T T T 71

_15 [EN I ) N O S FIGURE 4.9-3
0 010203040506070809 1 p of v, versus a for the circuit shown in Figure
a, dimensionless 4.9-1.

Equation 4.9-5 can be written using matrices as

Ry +aRp+ R; —R; 1 _|™m (4.9-6)
—R3 (1 —a)Rp+ Ry + R3 || 12 -V

Next, i; and i, are calculated by using MATLAB to solve the mesh equation, Eq. 4.9-6. Then
the output voltage is calculated as

Vo = R3(i1 - iz) (49—7)
Figure 4.9-2 shows the MATLAB input file. The parameter a varies from 0 to 1 in increments

0f 0.05. At each value of a, MATLAB solves Eq. 4.9-6 and then uses Eq. 4.9-7 to calculate the
output voltage. Finally, MATLAB produces the plot of v, versus a that is shown in Figure 4.9-3.

4.10 How Can We Check...?

Engineers are frequently called upon to check that a solution to a problem is indeed correct.
For example, proposed solutions to design problems must be checked to confirm that all of
the specifications have been satisfied. In addition, computer output must be reviewed to guard
against data-entry errors, and claims made by vendors must be examined critically.

Engineering students are also asked to check the correctness of their work. For example,
occasionally just a little time remains at the end of an exam. It is useful to be able to quickly
identify those solutions that need more work.

The following examples illustrate techniques useful for checking the solutions of the sort
of problem discussed in this chapter.

—& I EXAMPLE 4.10-1  How Can We Check Node Voltages? I

The circuit shown in Figure 4.10-1a was analyzed using PSpice. The PSpice output file, Figure 4.10-15b, includes the
node voltages of the circuit. How can we check that these node voltages are correct?

Solution
The node equation corresponding to node 2 is
ro-rm Ve ra-re) _,
100 ' 200 100
where, for example, V(2) is the node voltage at node 2. When the node voltages from Figure 4.10-15 are substituted
into the left-hand side of this equation, the result is

7272712 7.2727  7.2727 — 5.0909
+ +

=0.011

100 200 100

MATLAB MATLAB MATLAB MATLAB MATLAB MATLAB MATLAB MATLAB
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/Node Voltage Example \

V1 1 0 12
R1 1 2 100
R2 2 0 200
R3 2 3 200
R4 3 0 200
R5 3 4 200
V2 4 0 8

. END

NODE VOLTAGES

NODE VOLTAGE

(1) 12.0000
12v (%) (2)  7.2727
(3)  5.0909
\(4) 8.0000 )
(b)

FIGURE 4.10-1 (@) A circuit and (b) the node voltages calculated using PSpice. The bottom node has been chosen as the reference node, which is
indicated by the ground symbol and the node number 0. The voltages and resistors have units of voltages and ohms, respectively.

The right-hand side of this equation should be 0 instead of 0.011. It looks like something is wrong. Is a current of
only 0.011 negligible? Probably not in this case. If the node voltages were correct, then the currents of the 100-$2
resistors would be 0.047 A and 0.022 A, respectively. The current of 0.011 A does not seem negligible when compared
to currents of 0.047 A and 0.022 A.

Is it possible that PSpice would calculate the node voltages incorrectly? Probably not, but the PSpice input file could
easily contain errors. In this case, the value of the resistance connected between nodes 2 and 3 has been mistakenly
specified to be 200 2. After changing this resistance to 100 €2, PSpice calculates the node voltages to be

V(1)=12.0, V(2)=17.0, V(3)=5.5, V(4)=8.0

Substituting these voltages into the node equation gives
7.0 —12.0 N 7.0 N 70-55
100 200 100

so these node voltages do satisfy the node equation corresponding to node 2.

0.0

—®—| ExaAMPLE 4.10-2 How Can We Check Mesh Currents? | =

The circuit shown in Figure 4.10-2a was analyzed using PSpice. The PSpice output file, Figure 4.10-25b, includes the
mesh currents of the circuit. How can we check that these mesh currents correct?

(The PSpice output file will include the currents through the voltage sources. Recall that PSpice uses the passive
convention, so the current in the 8-V source will be —i; instead of i;. The two 0-V sources have been added to include
mesh currents i, and 73 in the PSpice output file.)

Solution
The mesh equation corresponding to mesh 2 is

200(i5 — i1) + 500i3 + 250(is — i3) = 0




P1: IML/OVY P2: IML/OVY QC: IML/OVY T1: IML
GTBLO002-dorfc04 GTBLO002-Dorf-v32 October 17, 2005 14:13

Design Example - @
/Mesh Current Example \

R1 1 2 100
R2 1 3 200
V1 2 4 8
R3 3 4 200
R5 3 5 500
V2 4 6 0
R6 5 6 250
R7 5 7 250
V3 6 0 0
R8 7 0 250
.END

MESH CURRENTS
NAME CURRENT

I1 1.763E-02
I2 —4.068E-03

KI3 —1.356E-03 /

(b)

FIGURE 4.10-2 (a) A circuit and (b) the mesh currents calculated using PSpice. The voltages and resistances are given in volts and ohms,
respectively.

When the mesh currents from Figure 4.10-2b are substituted into the left-hand side of this equation, the result is
200(—0.004068 — 0.01763) + 500(—0.004068) + 250(—0.004068 — (—0.001356)) = 1.629

The right-hand side of this equation should be 0 instead of 1.629. It looks like something is wrong. Most likely, the
PSpice input file contains an error. This is indeed the case. The nodes of both 0-V voltage sources have been entered
in the wrong order. Recall that the first node should be the positive node of the voltage source. After correcting this
error, PSpice gives

ip = 0.01763, 1, = 0.004068, i3 = 0.001356
Using these values in the mesh equation gives
200(0.004068 — 0.01763) 4 500(0.004068) + 250(0.004068 — 0.001356) = 0.0

These mesh currents do indeed satisfy the mesh equation corresponding to mesh 2.

4.11 DESIGN EXAMPLE

K POTENTIOMETER ANGLE DIsPLAY B

A circuit is needed to measure and display the angular position of a potentiometer shaft.
The angular position, 8, will vary from —180° to 180°.

Figure 4.11-1 illustrates a circuit that could do the job. The +15-V and —15-V power
supplies, the potentiometer, and resistors R; and R, are used to obtain a voltage, v;, that is
proportional to 8. The amplifier is used to change the constant of proportionality to obtain
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+15V

[TTT]

@ Voltmeter @

Amplifier 100 Q + v -
Ry —o< b—‘ ¢

-15V
FIGURE 4.11-1 Proposed circuit for measuring and displaying the angular position of the potentiometer shaft.

a simple relationship between 6 and the voltage, v,, displayed by the voltmeter. In this
example, the amplifier will be used to obtain the relationship

volt

Vo =k -0 where k = 0.1 (4.11-1)

degree
so that 6 can be determined by multiplying the meter reading by 10. For example, a meter
reading of —7.32 V indicates that § = —73.2°.

DESCRIBE THE SITUATION AND THE ASSUMPTIONS

The circuit diagram in Figure 4.11-2 is obtained by modeling the power supplies as ideal
voltage sources, the voltmeter as an open circuit, and the potentiometer by two resistors.
The parameter, a, in the model of the potentiometer varies from 0 to 1 as 6 varies from
—180° to 180°. That means

_ + : (4.11-2)
73600 T2 o
Solving for 6 gives
1
0 = (a — 5) -360° (4.11-3)

STATE THE GOAL
Specify values of resistors R; and R,, the potentiometer resistance R, and the amplifier
gain b that will cause the meter voltage, v,, to be related to the angle 6 by Eq. 4.11-1.

GENERATE A PLAN

Analyze the circuit shown in Figure 4.11-2 to determine the relationship between v; and
6. Select values of Ry, R;, and R,. Use these values to simplify the relationship between
between v; and 6. If possible, calculate the value of b that will cause the meter voltage, v,
to be related to the angle 6 by Eq. 4.11-1. If this isn’t possible, adjust the values of R;, R,
and R, and try again.

aR;, (1-aR,
R R, 100 Q
+
15V -15V vi FIGURE 4.11-2
- Circuit diagram containing models of
T @ the power supplies, voltmeter, and

potentiometer.
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FIGURE 4.11-3
The redrawn circuit showing the mode v;.

ACT ON THE PLAN
The circuit has been redrawn in Figure 4.11-3. A single node equation will provide the
relationship between between v; and 6

Vi + Vi — 15 Vi — (—15) _
2MQ  Ri+aR, Ry+(1—-a)R,

Solving for v; gives

B 2 MQ(Ry(2a — 1)+ Ry — Ry)15
" (Ri+aR)(Ry + (1 —a)R,) + 2 MQ(R; + Ry + Ry)

(4.11-4)

Vi

This equation is quite complicated. Let’s put some restrictions on Ry, R;, and R, that will
make it possible to simplify this equation. First, let R; = R, = R. Second, require that both
R and R;, be much smaller than 2 M2 (for example, R < 20 k2). Then

(R + aRy)(R + (1 —a)Ry) < 2 MQ2R + Ry)

That is, the first term in the denominator of the left side of Eq. 4.11-4 is negligible compared
to the second term. Equation 4.11-4 can be simplified to

_ Ry2a— 115
~ 2R+R,

R 15V
vi= (52— 0
2R + R, ) \ 180°

It is time to pick values for R and R,,. Let R =5k and R, = 10k<2; then

75V
vi= (=)0
(180°>

Referring to Figure 4.11-2, the amplifier output is given by
Vo = bv; (4.11-5)

7.5V
SO v =b 0
180°
Comparing this equation to Eq. 4.11-1 gives
7.5V It
b(22) =012
180° degree

1
or b= —80(0.1) =24
7.5

Next, using Eq. 4.11-3,

The final circuit is shown in Figure 4.11-4.

October 17, 2005

21:37
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+15V

10 kQ

October 17, 2005

[TTT]

@ Voltmeter @

20 kQ

10 kQ

Amplifier

100 Q@

+ v, -

15y -

FIGURE 4.11-4 The final designed circuit.

VERIFY THE PROPOSED SOLUTION
As a check, suppose 8 = 150°. From Eq. 4.11-2, we see that
150° 1

= - =0.9167
360° * 2

a

Using Eq. 4.11-4, we calculate
2 MQ(10 k(2 x 0.9167 — 1))15

YT (5KQ2 1+ 0.9167 x 10 k)5 k2 + (1 — 0.9167)10 k2) + 2 MQ(2 x 5 k2 + 10 k)

=6.24
Finally, Eq. 4.11-5 indicates that the meter voltage will be
Vo X 2.4-6.24 = 14.98
This voltage will be interpreted to mean that the angle was

0 =10-v, = 149.8°

thch is correct to three significant digits. /

4.12 SUMMARY

4 The node voltage method of circuit analysis identifies the
nodes of a circuit where two or more elements are con-
nected. When the circuit consists of only resistors and current
sources, the following procedure is used to obtain the node
equations.

1. We choose one node as to the reference node. Label the
node voltages at the other nodes.

2. Express element currents as functions of the node volt-
ages. Figure 4.12-1a illustrates the relationship between
the current in a resistor and the voltages at the nodes of
the resistor.

3. Apply KCL at all nodes except for the reference node.
Solution of the simultaneous equations results in knowl-
edge of the node voltages. All the voltages and currents in
the circuit can be determined once the node voltages are
known.

4 When a circuit has voltage sources as well as current sources,
we can still use the node voltage method by utilizing the

<+

concept of a supernode. A supernode is a “large node” that
includes two nodes connected by a known voltage source.
If the voltage source is directly connected between a node ¢
and the reference node, we may set vq = v and write the KCL
equations at the remaining nodes.

Ifthe circuit contains a dependent source, we first express the
controlling voltage or current of the dependent source as a
function of the node voltages. Next, we express the controlled
voltage or current as a function of the node voltages. Finally,
we apply KCL to nodes and supernodes.

Mesh current analysis is accomplished by applying KVL to
the meshes of a planar circuit. When the circuit consists of
only resistors and voltage sources, the following procedure
is used to obtain the mesh equations.

1. Label the mesh currents.

2. Express element voltages as functions of the mesh cur-
rents. Figure 4.12-1b illustrates the relationship between
the voltage across a resistor and the currents of the meshes
that include the resistor.

14:13
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L
(a)

3. Apply KVL to all meshes.
Solution of the simultaneous equations results in knowl-
edge of the mesh currents. All the voltages and currents
in the circuit can be determined once the mesh currents
are known.

4 If a current source is common to two adjoining meshes, we

define the interior of the two meshes as a supermesh. We then
write the mesh current equation around the periphery of the

(b)

FIGURE 4.12-1 Expressing resistor currents and voltages in terms of () node voltage or (b) mesh currents.

a function of the mesh currents. Next, we express the con-
trolled voltage or current as a function of the mesh currents.
Finally, we apply KVL to meshes and supermeshes.

In general, either node voltage or mesh current analysis can
be used to obtain the currents or voltages in a circuit. How-
ever, a circuit with fewer node equations than mesh current
equations may require that we select the node voltage method.
Conversely, mesh current analysis is readily applicable for a
circuit with fewer mesh current equations than node voltage

supermesh. If a current source appears at the periphery of
only one mesh, we may define that mesh current as equal to
the current of the source, accounting for the direction of the
current source.

4 If the circuit contains a dependent source, we first express
the controlling voltage or current of the dependent source as

—&—| PROBLEMS

Section4.2 Node Voltage Analysis of Circuits with
Current Sources

P4.2-1  The node voltages in the circuit of Figure P 4.2-1 are
v =—4V and v, =2 V. Determine i, the current of the current
source.

Answer: i=15A

FIGURE P 4.2-1

P4.2-2  Determine the node voltages for the circuit of Figure

P4.2-2.

Answer: vi =2V, v, =30V, and v; =24V

equations.

mesh equations.

MATLAB greatly reduces the drudgery of solving node or

)
/
1A
20Q vy 10Q
U1 U3
2A
5Q 15Q
AMN—+—MW\

FIGURE P 4.2-2

P 4.2-3

currents of the current sources.

The node voltages in the circuit of Figure P 4.2-3
are vi =4V, v, =15V, and v; = 18 V. Determine #; and i,, the

Answer: iy=—-2Aand i, =2A
o\
O/
i
5Q vy 15Q
U1 U3
ip
20 Q 10 Q
A A
FIGURE P 4.2-3 _L_

14:13
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P 4.2-4  Consider the circuit shown in Figure P 4.2-4. Find
values of the resistances R; and R, that cause the voltages v, and
wvwtobevi=1Vandv,=2V.

500 Q

FIGURE P 4.2-4

P 4.2-5
4.2-5.
Answer: v=21.7mV

Find the voltage v for the circuit shown in Figure P

125 Q 250 Q

1 mA

500 Q 500 Q

FIGURE P 4.2-5

P4.2-6  Simplify the circuit shown in Figure P 4.2-6 by replac-
ing series and parallel resistors with equivalent resistors; then
analyze the simplified circuit by writing and solving node equa-
tions. (a) Determine the power supplied by each current source.
(b) Determine the power received by the 12-$2 resistor.

20Q
NN
40 Q
12 Q NN 10Q
— \\WN\— 1
ANV
2mA 60Q

10Q
(P?:mA

FIGURE P 4.2-6

P4.2-7  The node voltages in the circuit shown in Figure P 4.2-
7 are v, = 7 V and v, = 10 V. Determine values of the current
source current, i, and the resistance, R.

'A%
20

2 A ig
8Q 8Q

FIGURE P 4.2-7

Section 4.3 Node Voltage Analysis of Circuits with
Current and Voltage Sources

P4.3-1  The voltmeter in Figure P 4.3-1 measures v., the node

voltage at node c. Determine the value of v..

Answer: v, =2V

a 6Q b 10Q c

1

Q Voltmeter @

6V 2A 80 v,

1

FIGURE P 4.3-1

P4.3-2  The voltages v,, v, V., and v4 in Figure P 4.3-2 are the
node voltages corresponding to nodes a, b, ¢, and d. The current
i is the current in a short circuit connected between nodes b and
c. Determine the values of v,, v, v, and v4 and of i.

Answer: v,=—12V, vy =v.=4V,vg=—4V,i=2mA

8V

1
-~ C d

akQ
o

NN—¢
+ + + +
Va 12v 2 m/—\# Up 1 mA Ue 4 kQ Vg

FIGURE P 4.3-2
P4.3-3  Determine the node voltage v, for the circuit of Figure
P 4.3-3.

Answer: v,=7V

100 Q 8V

1000 (1)30mA

120 Q =
FIGURE P 4.3-3

P4.3-4  Determine the node voltage v, for the circuit of Figure
P 4.3-4.

Answer: v, =4V

8V
M
\

125 Q 250 Q

+
500 Q 12V v;,%SOOQ

FIGURE P 4.3-4
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P 4.3-5 The voltages v,, v, and v, in Figure P 4.3-5 are the
node voltages corresponding to nodes a, b, and c. The values of
these voltages are:

va=12V, v, = 9.882V, and v, = 5.294 V

Determine the power supplied by the voltage source.

6Q
A
4Q b 3Q
a c
+ + +
va(F)12v 1A v 29%%
FIGURE P 4.3-5

P4.3-6  The voltmeter in the circuit of Figure P 4.3-6 measures
a node voltage. The value of that node voltage depends on the
value of the resistance R.

(a) Determine the value of the resistance R that will cause the
voltage measured by the voltmeter to be 4 V.

(b) Determine the voltage measured by the voltmeter when
R=12kQ2=1200 <.

Answers: (a) 6kQ (b)2V

[TIT]

Q Voltmeter Q
6 kQ &

3 kQ
12v R

2 mA 8V

|||—o

FIGURE P 4.3-6

P 4.3-7  Determine the values of the node voltages, v, and
vy, in Figure P 4.3-7. Determine the values of the currents i,
and iy,.

FIGURE P 4.3-7 =

P4.3-8  The circuit shown in Figure P 4.3-8 has two inputs, v,
and v,, and one output, v,. The output is related to the input by
the equation

Vo = avy + bv,

where a and b are constants that depend on Ry, R, and R;.
(a) Determine the values of the coefficients @ and » when R =
102,R, =40 Qand R; =8 Q.

(b) Determine the values of the coefficients « and b when R =
R2 and R3 = Rl ” Rz.

Ry Ry
MV VVV
+
U1 R3 % % Uy
=
FIGURE P 4.3-8
P4.3-9  Determine the values of the node voltages of the cir-

cuit shown in Figure P 4.3-9.

S5V 20Q

D

O,

8Q vs 12Q

v +—VWN— Vg
<P125A §4og 15V

FIGURE P 4.3-9
P 4.3-10  Figure P 4.3-10 shows a measurement made in the

laboratory. Your lab partner forgot to record the values of Ry, R,,
and R;3. He thinks that the two resistors were 10-k2 resistors and
the other was a 5-k2 resistor. Is this possible? Which resistor is
the 5-k€2 resistor?
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[4].[5]0]

) Voltmeter Q@

FIGURE P 4.3-10

“P 4.3-11  Determine the values of the node voltages of the
circuit shown in Figure P 4.3-11.

3A
2
N4
6Q
LA
8V 3Q 10 Q
+ AYAAY, AYAAY,
2A 16 Q %129 79%
28V .
20 Q
N
_‘[_ N\

FIGURE P 4.3-11

P 4.3-12  Determine the values of the node voltages of the
circuit shown in Figure P 4.3-12.

U1

R ) »
N4

FIGURE P 4.3-12

Section 4.4 Node Voltage Analysis with
Dependent Sources
P 4.4-1  The voltages v,, v, and v, in Figure P 4.4-1 are the

node voltages corresponding to nodes a, b, and c. The values of
these voltages are:

Va =8.667V, v, =2V, andv, =10V

Determine the value of 4, the gain of the dependent source.

October 17, 2005

p O

| >ai

FIGURE P 4.4-1

P4.4-2  Find i, for the circuit shown in Figure P 4.4-2.
Answer: i, =—12 mA

1 kQ

3 kQ

FIGURE P 4.4-2

P4.4-3
P 4.4-3.
Answer: vy =15V

Determine the node voltage vy, for the circuit of Figure

4 kQ +
2V 2kQ = Vb 5i,
FIGURE P 4.4-3
P4.4-4  The circled numbers in Figure P 4.4-4 are node num-

bers. The node voltages of this circuit are vi =10V, v, =14V,
and v;=12V.

(a) Determine the value of the current i,.
(b) Determine the value of 7, the gain of the CCVS.

Answers: (a) —2A (b)4V/A

FIGURE P 4.4-4

21:37



P1: IML/OVY
GTBL002-dorfc04

P2: IML/OVY QC: IML/OVY

GTBLO002-Dorf-v32

P4.4-5 Determine the value of the current i, in the circuit of P 4.4-9

Figure P 4.4-5.
Answer: iy, =2.4A

T1: IML
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The node voltages in the circuit shown in Figure
P 4.4-9 are

Vi =4V; \ %) =0\/, andv; =—-6V

\7 Determine the values of the resistance, R, and of the gain, b, of
3iy the CCCS.
2Q
NV
10V
)12y 2Q 1A )
- i ! N\
g iy
T h 2
FIGURE P 4.4-5 = U1 AN AMN v3
40 Q 20Q
P 4.4-6  Determine the power supplied by the 12-V voltage 100 bia R
source in Figure P 4.4-6.
3Q _ W\, FIGURE P 4.4-9
12V 6Q _ 2y ) o
T iz P4.4-10  The value of the node voltage at node b in the circuit
shown in Figure P 4.4-10 is v, = 18 V.
FIGURE P 4.4-6 (a) Determine the value of 4, the gain of the dependent source.

P4.4-7  Determine the value of the current i, in Figure P 4.4-7.

(b) Determine the power supplied by the dependent source.

+ v —

2Q Ua
+

iv |

8Q

<i 3v

N

8 iy
a

§4Q

b
100 Q +
li 9V Av, 200Q<Z U
C

(j 10V

FIGURE P 4.4-10

“P 4.4-11  Determine the power supplied by the dependent

FIGURE P 4.4-7

P4.4-8  Determine the value of the power supplied by the de-

pendent source in Figure P 4.4-8.

source in the circuit shown in Figure P 4.4-11.

0.1vy

4Q

12Q

16 Q

8Q

Cj) tov FIGURE P 4.4-11

*P 4.4-12  Determine values of the node voltages, vy, v», v3,

FIGURE P 4.4-8

vy, and vs, in the circuit shown in Figure P 4.4-12.

14:13
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FIGURE P 4.4-12

*P 4.4-13

vy, and vs, in the circuit shown in Figure P 4.4-13

Determine values of the node voltages, vy, v, vs,

(D

)25v

FIGURE P 4.4-15

3 @ 209 o

ANN—
%309 2A<>

=

The voltages vy, v,, v3, and v4 in Figure P 4.4-16

P 4.4-16

U1

are the node voltages corresponding to nodes 1, 2, 3, and 4. The
values of these voltages are

V1=10\/,V2=75\/, V3 —]5\/, andV4=22.5V

Determine the values of the gains of the dependent sources, 4
and B, and of the resistance R

FIGURE P 4.4-13

*P 4.4-14

and vy, in the circuit shown in Figure P 4.4-14

U1 v2
° I\/\/\, o
50
.
oS40 3ix i f
) 20
CD“ U3 va 89§
12v(Y) zUy

FIGURE P 4.4-14

P 4.4-15

The voltages vy, v, v3, and v4 are the node volt-
ages corresponding to nodes 1, 2, 3, and 4 in Figure P 4.4-15
Determine the values of these node voltages

Determine values of the node voltages, vy, v,, vs,

FIGURE P 4.4-16

P4.4-17

The voltages vy, v,, and v; in Figure P 4.4-17 are the
node voltages corresponding to nodes 1, 2, and 3. The values of
these voltages are

vi=12V,v, =21V, and v; = -3V
(a) Determine the values of the resistances R; and R,
(b i

) Determine the power supplied by each source

FIGURE P 4.4-17
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P4.4-18  The voltages vy, v, and v5 in Figure P 4.4-18 are the
node voltages corresponding to nodes 1, 2, and 3. The values of
these voltages are

vi=12V,v, =9.6Vandv; = —1.33V

(a) Determine the values of the resistances R, and R,.
(b) Determine the power supplied by each source.

8Q
ANV
R @ 2A
® @
12V 4Q R2$

FIGURE P 4.4-18 _l_

Section 4.5 Mesh Current Analysis with Independent
Voltage Sources
P 4.5-1 Determine the mesh currents, i, i>, and i3, for the

circuit shown in Figure P 4.5-1.
Answers: iy =3A,i,=2A,and i3 =4A

2Q
AAAY
3Q 9Q
AAAY A
15v<:> b 60 i G 21V
£
FIGURE P 4.5-1
P 4.5-2  The values of the mesh currents in the circuit shown

in Figure P 4.5-2 are iy =2 A, i, =3 A, and i; =4 A. Determine
the values of the resistance R and of the voltages v and v, of the

voltage sources.
Answers: R=12Q,vi=—4V,and v, = —28V

R
AV
Y,
4Q 10Q
N NN
vy (ﬁ) ip 8Q ( i3 C:) vy
ne

FIGURE P 4.5-2

P4.5-3
currents. Determine the value of the resistance R required to
cause v, = —6 V.

Answer: R=4Q

October 17, 2005
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The currents #; and #, in Figure P 4.5-3 are the mesh

R
ANA—¢
4Q +

18v (%) b | Sgéua
3V b )

FIGURE P 4.5-3

P4.5-4  Determine the mesh currents, i, and i, in the circuit
shown in Figure P 4.5-4.
75 Q 100 Q
— W\
250 Q 4V 100 Q
+
2V v, <100 Q 8V
N AN
25Q 200 Q

FIGURE P 4.5-4

P4.5-5  Find the current i for the circuit of Figure P 4.5-5.
Hint: A short circuit can be treated as a 0-V voltage source.

—
i

2Q 4 Q

2Q 6Q

10V

FIGURE P 4.5-5 &

P4.5-6  Simplify the circuit shown in Figure P 4.5-6 by replac-
ing series and parallel resistors by equivalent resistors. Next, ana-
lyze the simplified circuit by writing and solving mesh equations.
(a) Determine the power supplied by each source. (b) Determine
the power absorbed by the 30-€2 resistor.

%% ANN—
100 Q 40 Q
12V
§60§2
30Q 8V<i>
§3OOQ
80 Q 560 Q

60 Q
AN

FIGURE P 4.5-6

14:13
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Section4.6 Maesh Current Analysis with Current and
Voltage Sources

P4.6-1  Find i, for the circuit shown in Figure P 4.6-1.
Answer: i, =0.6 A

50 Q 75Q

NV NV
0.5A b ‘) Qy 10V
%Y ANV

50 Q 25Q

FIGURE P 4.6-1

P4.6-2  Find v, for the circuit shown in Figure P 4.6-2.
Answer: ve=15V

250 Q 4v 100 @
+
0.25A ve 2100 Q 0.4 A
AN N\
250 200 Q

FIGURE P 4.6-2

P4.6-3  Find v, for the circuit shown in Figure P 4.6-3.
Answer: v, =2V

+ U2 - 60 Q

* AN * AN
0.5A<i> B C%OV

1] 2 3

FIGURE P 4.6-3

P4.6-4  Find v, for the circuit shown in Figure P 4.6-4.

20 mA v, 100 Q

FIGURE P 4.6-4

100 Q 9V

P 4.6-5 Determine the value of the voltage measured by the
voltmeter in Figure P 4.6-5.
Answer: 8V

6 Q
Wy [TTT]

@ Voltmeter @

FIGURE P 4.6-5

P 4.6-6 Determine the value of the current measured by the
ammeter in Figure P 4.6-6.

Hint: Write and solve a single mesh equation.

Answer: —5/6 A

O (TTT]

2A
70 10 @ Ammeter @

FIGURE P 4.6-6

P 4.6-7 The currents i, i, and 73 in Figure P 4.6-7 are the
mesh currents. Determine the value of the resistance R.

20Q
A%,

5A b 20
3A(P b Rb J-1A
6Q 4Q

ANWN—— WV

FIGURE P 4.6-7

P 4.6-8  Determine values of the mesh currents, iy, i, and i3,
in the circuit shown in Figure P 6.7-8.

ag () So
sv(®) o

4 kQ
FIGURE P 4.6-8

2 mA
()
7 kQ
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*P4.6-9  The circuit shown in Figure P 4.6-9 has three inputs: P 4.6-12  Determine the value of the current measured by the
iy, Iy and v,. The output of the circuit is i,. The output is related ~ ammeter in Figure P 4.6-12.
to the inputs by Hint: Apply KVL to a supermesh.

. . . Answer: —0.333 A
iv=aix+biy+cv,

where a, b, and ¢ are constants. Determine the values of a,

b.andc. s aa EEEE
o Ammeter @
iX

o\ 15V 3A
N4

40 vz * ol

D) .
NN— ) FIGURE P 4.6-12
22 (1) 120 6Q
llo Section 4.7 Mesh Current Analysis with
- - Dependent Sources

FIGURE P 4.6-9 . o o
P4.7-1  Find v, for the circuit shown in Figure P 4.7-1.

Answer: v, =10V
P 4.6-10  The mesh currents in the circuit shown in Figure P
4.6-10 are

(b) Determine the value of the power supplied by the current
source.

= —2.2213A, i, =0.7787 A, and i; = 0.0770 A
(a) Determine the values of the resistances R and R;. 0.04v, 100 Q % ; 10V
1
L
Rl FIGURE P 4.7-1

() () P 4.7-2  Determine the mesh current i, for the circuit shown
24V I § 20Q in Figure P 4.7-2.

Answer: i, = —48 mA

509

32v(0) q§R3 | %
L

N

00 Q

8V

C‘é

FIGURE P 4.6-10

) FIGURE P 4.7-2
P4.6-11  Determine the value of the voltage measured by the

voltmeter in Figure P 4.6-11.

Hint: Apply KVL to a supermesh to determine the current in P 4.7-3  Find v, for the circuit shown in Figure P 4.7-3.
the 2-S2 resistor. Answer: vy =25V

Answer: 4/3V

= -IZ_)OltJ

40 30 [TTT]

—o Voltmeter @

<>
60 mA 100 Q 250 Q
9V 3/a A 2Q
L

FIGURE P 4.6-11 FIGURE P 4.7-3

14:13
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P 4.7-4  Determine the mesh current i, for the circuit shown
in Figure P 4.7-4.
Answer: i, = —24mA

3Ub

R
+

6 mA U, <100 Q b 250 Q
_ a

FIGURE P 4.7-4

P 4.7-5  Although scientists continue to debate exactly why
and how it works, the process of utilizing electricity to aid in the
repair and growth of bones—which has been used mainly with
fractures—may soon be extended to an array of other problems,
ranging from osteoporosis and osteoarthritis to spinal fusions
and skin ulcers.

An electric current is applied to bone fractures that have not
healed in the normal period of time. The process seeks to imitate
natural electrical forces within the body. It takes only a small
amount of electric stimulation to accelerate bone recovery. The
direct current method uses an electrode that is implanted at the
bone. This method has a success rate approaching 80 percent.

The implant is shown in Figure P 4.7-54 and the circuit model
is shown in Figure P 4.7-5b. Find the energy delivered to the cath-
ode during a 24-hour period. The cathode is represented by the
dependent voltage source and the 100-k€2 resistor.

Cathode

Generator

Micro Connector

3V 20 kQ 100 kQ

(b)

FIGURE P 4.7-5 (a) Electric aid to bone repair. (b) Circuit model.

P4.7-6  The model of a bipolar junction transistor (BJT) am-
plifier is shown in Figure P 4.7-6.
(a) Determine the gain v,/v;.

(b) Calculate the required value of g in order to obtain a gain
Vo/vi=—170 when R, =5 k2, R; =100 Q,and R, =1 k2.

Ry
+ +
v; Ry v gv Ry Vo

FIGURE P 4.7-6

P4.7-7  The currents iy, i, and i3 are the mesh currents of the
circuit shown in Figure P 4.7-7. Determine the values of iy, i,

and 3.
élogq L D3
Q q (Drov
§209201b

+

FIGURE P 4.7-7

P4.7-8  Determine the value of the power supplied by the de-
pendent source in Figure P 4.7-8.

20 0 8002 > {i,
C 10V

60 Q 40 Q

FIGURE P 4.7-8

P4.7-9  Determine the value of the resistance R in the circuit
shown in Figure P 4.7-9.

5 kQ 10 kQ

25V

FIGURE P 4.7-9

P4.7-10  The circuit shown in Figure P 4.7-10 is the small sig-
nal model of an amplifier. The input to the amplifier is the voltage
source voltage, vs. The output of the amplifier is the voltage v,.

(a) The ratio of the output to the input, v,/vs, is called the gain
of the amplifier. Determine the gain of the amplifier.




P1: IML/OVY

GTBL002-dorfc04

P2: IML/OVY QC: IML/OVY
GTBLO002-Dorf-v32

T1: IML

(b) The ratio of the current of the input source to the input volt-
age, i/vs, is called the input resistance of the amplifier. De-
termine the input resistance.

1kQ

FIGURE P 4.7-10

P4.7-11  Determine values of the mesh currents iy, i», i3, and
i4 in the circuit shown in Figure P 4.7-11.

2Q
8V
3Q
MA ©

o
o)

2

FIGURE P 4.7-11

P 4.7-12  Determine the values of the mesh currents of the
circuit shown in Figure P 4.7-12.

FIGURE P 4.7-12

P4.7-13  The currents iy, i, and i3 are the mesh currents cor-
responding to meshes 1, 2, and 3 in Figure P 4.7-13. Determine
the values of these mesh currents.

October 17, 2005
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30 Q

FIGURE P 4.7-13

P4.7-14  The currents iy, i, and i3 are the mesh currents cor-
responding to meshes 1, 2, and 3 in Figure P 4.7-14. The values
of these currents are

i1 =—1375A,i,=-25A, and i3=-325A
Determine the values of the gains of the dependent source, 4

and B.
Av,

Q b
in

20Q

AAAY Q
oo q 50
1 WN—1
.
1ov<i>q va S 200
T

) qO 2.5A

FIGURE P 4.7-14

P4.7-15
P 4.7-15.
Answer: i=3A

Determine the current 7 in the circuit shown in Figure

12A 28 Q

FIGURE P 4.7-15

Section 4.8 The Node Voltage Method and Mesh
Current Method Compared

*P4.8-1  The circuit shown in Figure P 4.8-1 has two inputs,

the voltage source voltages, v; and v,. The circuit has one output,

the dependent source voltage, v,. Design this circuit so that the

14:13



P1: IML/OVY P2: IML/OVY QC: IML/OVY T1: IML
GTBLO002-dorfc04 GTBLO002-Dorf-v32 October 17, 2005 14:13

@ *  Methods of Analysis of Resistive Circuits

output is related to the inputs by 10V
AR
Vo = 2v; + 0.5v, /

Hint: Determine the required values of 4, Ry, R,, R3, and Ry. 10 . 50

a C
Ry
AN 2Q 1/, A 3Q
2] R2 R4 _L
AN AN FIGURE P 4.10-1 =
+
Up R3 § v, v, = Av,
_ P4.10-2  Anold lab report asserts that the node voltages of the
1 circuit of Figure P 4.10-2 are v, =4V, v, =20V, and v. = 12 V.

Are these correct?
FIGURE P 4.8-1

P4.8-2  The circuit shown in Figure P 4.8-2 has two inputs, v,
and i, and one output v,. The output is related to the inputs by
the equation

Vo = ais + bvy

where a and b are constants to be determined. Determine the
values a and b by (a) writing and solving mesh equations and (b)
writing and solving node equations.

FIGURE P 4.10-2
96 Q 32Q
Us
ig (D P 4.10-3  Your lab partner forgot to record the values of R,
i R,, and R;. He thinks that two of the resistors in Figure P 4.10-3
1200 300 v, had values of 10 k2 and that the other had a value of 5 kQ. Is
- this possible? Which resistor is the 5-kS2 resistor?
FIGURE P 4.8-2
P4.8-3  Determine the power supplied by the dependent source 17].]5]0]

in the circuit shown in Figure P 4.8-3 by writing and solving

Voltmeter
(a) node equations and (b) mesh equations. ? ©

0

ipy=0.20v,

Ry

: _ 120V
FIGURE P 4.8-3 FIGURE P 4.10-3 _l_

Section4.10 How Can We Check...?

P 4.10-1 Computer analysis of the circuit shown in Fig- P4.10-4 Computer analysis of the circuit shown in Figure P
ure P 4.10-1 indicates that the node voltages are v,=5.2V, 4.10-4 indicates that the node voltagesare vi = —8 V,v, = =20V,
v, =—4.8V, and v, = 3.0 V. Is this analysis correct? and v; = —6 V. Verify that this analysis is correct.

Hint: Use the node voltages to calculate all the element currents.  Hint: Use the node voltages to calculate the element currents.
Check to see that KCL is satisfied at each node. Verify that KCL is satisfied at each node.
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R Hint: Use the mesh currents to calculate the element voltages.
}X Verify that KVL is satisfied for each mesh.
) 10Q
o1 208 v o 120
NV
2A i/
FIGURE P 4.10-4 = AN AAAY
28v<1> iy 8 ( is (ﬁ>4v
P4.10-5 Computer analysis of the circuit shown in Figure P -
4.10-5 indicates that the mesh currents are i; =2 A, i, =4 A, and =
i3 =3 A. Verify that this analysis is correct. FIGURE P 4.10-5

PSPICE PROBLEMS

SP4-1  Use PSpice to determine the node voltages of the cir- SP4-3  The voltages v,, v, V., and vq4 in Figure SP 4-3 are the
node voltages corresponding to nodes a, b, ¢ and d. The current

i is the current in a short circuit connected between nodes b and
c. Use PSpice to determine the values of v,, v, v., and v4 and of
i

i11§19 29§
3A ’ AN, ’ —
Up
1

cuit shown in Figure SP 4-1.

o

8V
D
N

v, )12V 2ma 1ma (1) v, 4k9§:d
§ZQ 29§ - -

FIGURE SP 4-3

FIGURE SP 4-1

SP4-4  Determine the current, 7, shown in Figure SP 4-4.
SP4-2  Use PSpice to determine the mesh currents of the cir-  Answer: i =0.56 A
cuit shown in Figure SP 4-2.

A%
R
40Q
(ﬁ)lqu qsgg;
i 3V i :
L

FIGURE SP 4-2 FIGURE SP 4-4
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DESIGN PROBLEMS

DP 4-1  An electronic instrument incorporates a 15-V power
supply. A digital display is added that requires a 5-V power
supply. Unfortunately, the project is over budget and you are
instructed to use the existing power supply. Using a voltage di-
vider, as shown in Figure DP 4-1, you are able to obtain 5 V. The
specification sheet for the digital display shows that the display
will operate properly over a supply voltage range of 4.8 V to
5.4 V. Furthermore, the display will draw 300 mA (/) when the
display is active and 100 mA when quiescent (no activity).

(a) Select values of R and R; so that the display will be supplied
with 4.8 V to 5.4 V under all conditions of current /.

(b) Calculate the maximum power dissipated by each resistor,
R; and R,, and the maximum current drawn from the 15-V
supply.

(c) Isthe use of the voltage divider a good engineering solution?
If not, why? What problems might arise?

15-volt
power
supply

Digital
display

FIGURE DP 4-1

DP4-2  For the circuit shown in Figure DP 4-2, it is desired to
set the voltage at node a equal to OV in order to control an
electric motor. Select voltages v; and v, in order to achieve
v,=0V when v, and v, are less than 20V and greater than
zero and R=2 Q.

FIGURE DP 4-2

DP4-3 A wiring circuit for a special lamp in a home is shown
in Figure DP 4-3. The lamp has a resistance of 2 €2, and the de-
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signer selects R =100 2. The lamp will light when / > 50 mA
but will burn out when 7 > 75 mA.

(a) Determine the current in the lamp and determine if it will
light for R =100 .

(b) Select R so that the lamp will light but will not burn out if R
changes by £10 percent because of temperature changes in
the home.

50 Q R

5V 300 Q

FIGURE DP 4-3 A lamp circuit.

DP4-4  In order to control a device using the circuit shown in
Figure DP 4-4, it is necessary that v,, = 10 V. Select the resis-
tors when it is required that all resistors be greater than 1 €2 and
Ry +Ry=20Q.

10 Q R3 a

FIGURE DP 4-4

DP 4-5 The current i shown in the circuit of Figure DP 4-
5 is used to measure the stress between two sides of an earth
fault line. Voltage v, is obtained from one side of the fault, and
v, is obtained from the other side of the fault. Select the re-
sistances R;, R,, and R; so that the magnitude of the current
i will remain in the range between 0.5 mA and 2mA when v,
and v, may each vary independently between +1V and +2V
1V <y, <2V).

FIGURE DP 4-5 A circuit for earth fault line stress measurement.
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